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Abstract

Rough3D dataimagesobtainedby computedomographyor mag-
neticresonancémageryareinadequatethis papemproposes high-
level datastructurecalled ellipsoidal skeleton. It is basedon a
tree of bestpartitionsof the pointssetandfeaturesdatacompres-
sion, multi-level representationapabilities surfacereconstruction,
interactve visualization relevantparametergxtraction,automatic
matchingandrecognition.
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1 Introduction

Medical Imaginghasto copewith increasinglyhuge3D dataim-
ages:CT-scanor MRI images. The datasize doesnot permitin-
teractive visualization,andlack of structurepreventsextractionof
relevantinformations. Someparadigmis dramaticallyrequired.to
visualizeinteractvely relevant datawith variouslevels of details,
to reconstructhe surfaceof organs,to extractrelevantfeaturesfor
diagnosisor sumgical interventions,andto automaticallymatchob-
jectsextractedfrom different3D dataimages.

The heartof the solution proposedhereis a methodto find a
treeof bestpartitionsof thesetof 3D pointsfrom segmentedmage
data. For a given numberof classesthe bestpartitionis the one
which maximizesthe homogeneityof classesandthe differences
betweenclasses.The partitionsin 1,2 .. . k classesare organized
in atree: the E-skeletonthe constructiorof which is presentedn
section2.

For agivenlevel of details,i.e. for agivennumberk of classes,
the k-partition permitsto reconstructhe surfaceof the 3D object.
Eachclassis geometricallyapproximatedy anellipsoid,andall &
ellipsoidsaremegedwith a Blinn surface.Possibly a Barr defor
mationcanbe appliedto eachellipsoidto bestfit the surface.See
section3.
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Dueto the hierarchicalnatureof the E-skeletonijt is thenpos-
sibleto reconstrucandvisualizethe surfacewith severallevels of
detail,asexplainedin section4.

The E-skeletonis invariantthroughisometries andvery robust
againstdiscretisatiomoise,over and under sampling,local de-
formations. Thustwo points setsof similar objectsgive similar
E-skeletons. This steadynesgropertyis exploited for automatic
matchingbetweenshapes,computingdistancesbetweenshapes,
shapeecognition:seesection5.

Beyondellipsoids,it is possibleto extractfrom E-skeletorother
parameterselevantfor a given application.Examplesaregivenin
section6.

2 Construction of the E-Skeleton

2.1 Expectations and Variances

LetC = cloud(€2, P) beacloudof n points,with weightsQ € R"

andcoordinates? = (X € R")Y € R",Z € R"). They are
equallydistributedin theinterior of thestudiedorgan.In our appli-
cations,all initial pointshave equalweights,but unequalweights
occurduring computationsmorewer somesggmentatiormethods
mayweightpoints. The X expectationor meanvalue,or centerof

gravity): E(£2, X)) or E(X) for short,is:

E(X) def 21 Q] X'X[Z’]
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andY - andZ-expectationaredefinedsimilarly. The covarianceof
X andY: C(Q, X,Y) orC(X,Y) for short,is:

def

C(X,Y) = E(XY)—E(X)xE(Y)

(Y, X)

whereXY standdor [ X[1] x Y[1],...X[r] x Y[r] ]. Thevari-
anceof X: V (2, X) orV (X) for short,is:

VX)) € c(x,Xx)
= E(X*) - (EX)?
It is alsotheexpectatiorof thesquaresf thedifferencedbetween
X andE(X):
V(X)=E(X -E(X))’)

Somesimple and useful properties(k € R, andk + X is a
shortcutfor [k &k ... k] + X):



V(X 4Y)=V(X)+V(Y)+2C(X,Y)
C(X,Y +k)=C(X,Y)

C(X,kY) =k x C(X,Y)
C(X,Y+2)=C(X,Y)+C(X,Z)

Theeuclidearvarianceof C is:

def

V() EV(X)+V(Y)+V(2)

Actually it is alsothe expectationof the squaresof the distances

betweenpoints P andtheir gravity center(X = E(X),Y =
E(Y),Z =E(2)):

E(X-X)+(Y -Y) +(Z2-2)")
=E((X - X)) +E((Y -Y)*) +E((Z - Z)°)
=V(X)+V(Y)+V(Z)=V(C)

thus, sincedistancesareinvariantthroughisometrieqtranslations,
rotations symmetriesandtheir composition)V (C) aswell.

2.2 The Covariance Matrix

Thecovariancematrix M of thecloud( is:

V(X) C(X,Y) C(X, 2)
ME | Cc(v,X) V() C(Y,2)
C(z,X) C(z2,Y) V(2)

This matrix is symmetricand positive, so eigervaluesarerealand
non-n@ative. In the genericcase the matrix is definite: degenera-
ciesoccurfor instancewhenall pointsin the cloudlie on a plane
or aline. Suchdegeneraciesreeasyto detectbecaus®neor two
eigervaluesaremuchsmallerthanthe greatesbne. Fromnow on,
only thegenericcasds consideredThusthe 3 eigervaluesarereal
andpositive: A1 > Ay > A3 > 0.

The 3 correspondingigervectors,oncenormalized,definean
orthonormaktoordinatesystemandarecalledthemainaxisof the
cloudC. Themajormainaxiscorrespond$o A; .

When expressedn this coordinatesystem(called the natural
coordinatesystenof thecloud),the covariancematrix of thecloud
is the diagonalmatrix (A1, Az, Az), i.ee C(X,Y) = C(Y,2) =
C(X, Z) = 0. Up to orientationsthis naturalcoordinatesystem
is unique.Accountingfor orientationsthereare2 suchcoordinates
systemsn onedimensionand2¢—! in d dimensionsvhend > 1.

Figurel: Thereare?2 naturalcoordinatesystemsn 2D.

The covariancematrix hassameeigervectorsas the matrix of
inertia, more familiar to mechanicalengineersand which hasa
strongphysicalmeaning.

2.3 Best Partitions

Let {Ci,...Cx} be ak-partition (i.e. a partitionin & non empty
classesdf thecloudC. TheeuclidearvarianceV (C) of thecloudC
is decomposedhto two parts:thesumof all euclidearnvariancef
cloudsCy, . .. Cx (thelatterarecalled:intraclass)andtheinterclass
varianceV ({C,,Cz ...Cy}):

V{{C1,C ... V() —ZV(CI')

Let i, i = (Xi,Y:, Z;) be the vectorsof weightsand co-
ordinatesof the cloud C;. Let n; be the numberof points in
Ci. G; = (E(4, Xi),E(Q4,Y3) ,E(Q4, Z:)) is the gravity cen-
terof Ci, andw; = 3°7¢, Qi[y] is the weight of G, i.e. the
weightssum of pointsin C;. PoseG = (G1,G2...Gy) and
W = (wi,w:z...wy): they defineacloud G = cloud(W, G),
whoseeuclidearvariances theeuclidearinterclassrarianceof the
partition{C1,...Cx}.

Thebestk-partitionis the onewith maximalinterclasssariance,
andthuswith minimal sumof intraclassrariancessincethe sumof
bothis constantlt meanslassesreasdifferentandhomogeneous
aspossible.

Extremecases:if £ = 1, V({C1}) = 0: theinterclassvari-
ancevanishes.If k& = n (thereis one classper point), V (C) =
V({{C,...Ch})andV (¢;) =0,i=1...n.

Theprogressie dynamicclusteringalgorithmfindsthe bestpar
titions.

2.4 Computing Best Partitions
2.4.1 The Dynamic Clustering Algorithm

To computethe bestk-partition of a cloud, i.e. the partition that
maximizegsheinterclassvariancethe DC algorithm[15] proceeds
asfollow:

Chooseninitial k-partition
Repeat
ForeachclassC;,1 =1...k
ComputeG; thecenterof gravity of C;
EmptytheclassC;
EndForEach
For eachpointp;
Add p; to classC; whereG; is closesto p;
EndForEach
Until neitherof G; change

This algorithmis guaranteedo find the optimal solution; oscilla-
tionsdueto degeneraciesr inaccuraciesnayhapperin somecase
but areeasilyavoided. The DC algorithmhastwo maindravbacks:
the numberof stepscanbe very important,andthe initial choice
of the partitionhasa greatinfluenceon this number It is therefore
crucialto startwith agoodinitial partition.

2.4.2 The Progressive DCA

To improve the DC algorithm, we constructa progressie DCA:
initially, it is trivial to find the optimal 1-partition. Assumewe
know the optimal k-partition (C1, C> ... Cx). For eachand every
classCi,t = 1...k, we split C; by the planecontainingG; and
orthogonalto the major main axis of C;; a DCA is usedto split
optimally C; in two sub-classe€; andC;’; we thencomputethe
ratior; < Vi—u—lc’\/;’cv) <)

Theinitial & + 1-partitionfor theDCA: {C1,...,C{,C!,...Cx}
is obtainedby splitting the classC; with smallestr; ratio.

2.4.3 Optimal Maximal Number of Classes

Thesimplestcriterionto stopthe subdvisionprocesss theratio of
thesumof intraclass/arianceto the cloudvariance whenthisratio
becomedessthana giventhresholdtypically 5%, the subdiision
is stopped Thisratiois amonotonicdecreasindunctionof &.



Many methodshave beenproposedo find optimalvaluesfor &,
but they arerathercomplex to implementandareoftenapplication
specific[33, 21]. For ourapplicationthe simplestriterionis suffi-
cient.

2.4.4 An Improvement

An easyway to speedup the progressie DCA is to undersample
the cloud C into a cloud C’, keepingfor instanceonly the central
voxel (or thegravity center)of eachcubeof 3 x 3 x 3 contiguous
voxelsin the 3D imageof C, to computethe bestk-partition P’ of
C', to replacein P’ the voxelsof C’ by the correspondingoxels
in C, andto usethe latterasaninitial k-partitionfor the DCA—
maybethis principle canbe usedrecursvely, while the cloud has
enoughpoints,sayk?, but this lastrecursve optimizationhasnot
beentried.

This optimization usesthe grid structureof 3D dataimages,
which is alwayspresentin medicalimaging. We have not inves-
tigatedthe useof octreedatastructurego speedup the DCA.

2.45 Examples

Figure2: A carpalbone,the hamatum:the cloud, 2-, 5-, and 10-
partition.

Joosesd,

Vo

Figure3: A femur 4-, 5-, 6-, 7-, 8-, 10- partitions.

2.4.6 Mahalanobis Variant

With increasingk, classef k-partitionsbecomemoreandmore
sphericalsothatatubular part(for instancehe middle partof a fe-
mur) is partitionnedby a string of balls. Onemay preferto keep
sucha part as a singleclass. A solutionis to apply to the ini-
tial cloudC, with eigervaluesh;, a scalingtransform with factors

(ATY2 2712 A717?), in thenaturalcoordinatesystenof C. Let
C' be theresultingcloud: all eigervaluesof its covariancematrix
areequalto 1. Thenthe k-partition of €’ is computedwith the
progressie DCA (with or without optimizations). Due to the 1-
1 correspondancbetweenC andC’, the k-partition of €’ is also
a k-partition of C, which canbe calledthe optimal normalizedk-
partitionof C. Thisvariantis equivalentto usingMahalanobiglis-
tance.An advantageof this approachis thattwo cloudsequalup to
someaffine transformhave equaloptimal normalizedk-partitions,
by definition. Thisvarianthasbeentestedbut unfortunatelyt gives
counterintuitive resultswith increasingk (see[3] for details),and
we donotretainit.

2.5 Construction of the Tree

A tree:theE-skeletonkeepdrackof thesubdvisionprocessEach
nodeor leaf representsi class. At level £ (1 for theroot) this tree
hask nodeswhich representhe optimalk-partition. At eachlevel
k, exceptthe leaveslevel, k — 1 nodeshave exactly onechildren,
andonenodehastwo child: the latter representshe classwhich
wassplit to obtaintheoptimalk + 1-partition.

Apart its childhood, each node storesits gravity center its
weight, its numberof points,its covariancematrix, its eigervalues
and eigervectors(the main axis). Geometricvaluesa and modal
deformationu, which are usedfor geometricreconstructiorand
definedbelow, arealsostored.

3 Reconstruction of the Surface

3.1 Previous Works

Variousapproachehave beenproposedor surfacereconstruction,
from tetrahedrakeconstructior{9] to generalizeccylinders[35].
Suchtechniquesemainlocally basedor needstrongtopological
informationaboutcontourpoints,whichcanbeambiguousn some
case.

Methodsthataremoregenericexist, like active contourg11] or
shakesopffering compacianalyticalexpressiorof 3D objectswith-
out the needof ary knowledgeof the topology The conceptof
reconstructionvith multiple primitives[24] canbeseerasagener
alizationof thesesnakesandhasbecomevery popular{13, 38, 6].
Formalismshave beenproposedo provide strongbasedor primi-
tive combining[2, 31, 39, 2§ andfitting [4, 37].

Parametricprimitives [14], while providing greatflexibility, are
often complex to combine. Implicit surfaceq7] simplify this is-
suebut mustbe wisely usedto avoid the evaluationof numerous
expensve equation.lt is why implicit primitives mustnotonly be
positioneccarefullyaccordingo thepointcloud,but alsobeasrep-
resentatie aspossible[1]. They shouldoffer a level of realismof
theirown.

Combinedwith this feature,level of detail generatiormustbe
present: multi-resolutionrepresentatiofi29] can be achieved via
triangledecimation30], progressie mesheg20] or discretization
stepcontrol[22].

3.2 Our Approach

An optimal k-partition of the cloud canbe usedto constructa ge-
ometricapproximatiorof the surfaceof the object. To getarough



approximationsufficientwhentheobjectis far fromtheeye,weap-
proximateeachclasswith its bestellipsoid (section3.3),andunion
them. To geta smoothelandmoreaccuratepproximationwe use
theBlinn formalism[7], inspiredfrom molecularchemistry:a sur
faceis definedasthe setof pointswherea potentialis equalto 1.
This potentialis definedasthe sumof elementarypotentials:in our
model,eachclassC; of the skeletonis attachedh geometricprimi-
tive, which emitsanelementarypotential P;(z, y, z) in all space:

Pi(‘r7 Y, Z) déf e_aldl(xnyZ) (l)

where d;(z,y, z) is some distanceto the geometric primitive

boundaryanda > 0 someadjustingparametefthe slopeof the

potential curve as a function of the distanced;). The distance
di(z, y, z) mustbezeroontheboundaryof thegeometrigrimitive

of the class,negative inside the geometricprimitive, and positve

outside.We now presentpossiblegeometricprimitivesfor a class,
andthecorrespondinglistance.

3.3 The Best Ellipsoid of a Class

Thegeometrigrimitive for a classcanbeanellipsoid: thecentelis
thegravity centerG = (z4, y4, z4) Of theclassjts mainaxisarethe
main axis of the class(i.e. eigervectorsof its covariancematrix),
anditsradiusa, b, c arevy/X;, 1 = 1, 2, 3, where); areeigervalues
of therelatedcovariancematrix, and+~ is a scalingconstant.

Thereare?2 possiblechoicesfor v. Eitherwe wantthatthe best
ellipsoidis the cloud itself whenthe latter is a regularly sampled
ellipsoid: theny = +/d + 2, whered is the spacedimension;in
ourcase,d = 3 = v = /5 = 2.236068. Or we usethe big
numberdaw: if therandomvariable X follows a normallaw, the
intenal [—2,/V (X), 24/V (X)] contain®®0%of thesamplesand
sov = 2, in all dimensionsWe choosehelatter

In the naturalcoordinatesystemof the class,the ellipsoid has
equation:E(z, y, z) = 0 where:

x2 y2 22

ExpressingE(z, y, z) in world coordinatesgives the simplest

possibledistancefor equationl. More precisely this equationbe-

comes:
E(p) = (p - G)Q(p - G’

where G is the gravity center Q = RDR', D = 1/72 X

diag A7 /%, 212, A7'/%), and R is the matrix of eigervec-

tors of the covariancematrix, sothat R* = R™! and M =

Rdiag(A1, A2, As ) R. Thediagonalizatiorof M canbe computed

with Jacobirotationg[27].

3.4 The Best Superquadric of a Class

Superquadricgire anothergeometricprimitive. In the naturalco-
ordinatessystemof the class,they have equationS(z,y,z) = 0
with:

s = ()T + () + () -

with e; > 0,e2 > 0. Fore; = e; = 1, superquadricseduceto
ellipsoids. Moreover, theseparametersllow a continuouscharac-
terizationof the shapeof eachclass,addingusefulinformationfor
patternmatching5.2.

Expressing(z, y, z) in world coordinategjivesthecorrespond-
ing distanceunctionin equationl. To find bestparameters,, ez,
someoptimizationis required(section3.6).

3.5 Deformed Superquadric of a Class

Deformedsuperquadricarethelastpossiblegeometrigrimitive of
our model. We usethe modaldeformationD,,, asdefinedby Barr
[4]. uisa30dimensionalector: (¢t t, t- ¢ 8 Y abecpr ... pp)
whosecoordinatedescribeelementarydeformationgtranslation,
rotation... bending,twisting). u definesan affine map D.(p) in
every pointp of spacej.e. a4 x 4 matrixin homogeneousoordi-
nateswhichis a functionof p € R?. If S(p) = 0 is theequation
of the nondeformedsuperquadrichenthe deformedsuperquadric
hasequation: S, (p) = S(p x Du(p)™') = 0. ExpressingS.
in world coordinategyives the distancefunction for the deformed
superquadriin equationl. Someoptimizationis required(section
3.6)to find thebestvectoru.

3.6 Optimisation

In the simplestcasethe k& bestellipsoids are just meiged with
a; = 1, or evenjust unioned:no optimizationis neededlt givesa
schematiaepresentatiomhich is perfectfor pedagogicalllustra-
tions.

If amoreaccurataeconstructions neededywe have first to find
thebestgeometrigrimitive for eachsub-cloud secondo find best
«; for meging the & bestgeometricprimitives. Thesetwo stages
simplify theresolutionprocessWe usethesameresolutionmethod
for bothproblems sowe discusnly thefirst one.

The optimizationmethodhasto find the bestvaluesfor parame-
tersei, ez, u, in orderfor the deformedsuperquadrito bestfit the
boundanypointsof theclass.The optimizationminimizestheerror
measuree = > g d(p)? /card B) whereB is the setof bound-

arypoints,card B) its cardinality andd(p) is thedistancdunction
the parametersf which are optimized. B may be undersampled,
to speedip. A pointof thecloudis aboundarypointiff oneof its 6
neighborsin theinitial 3D dataimage,doesnotbelongto thesame
cloud(lt is thesecondplacewherethe E-skeletorsoftwareuseshe
grid structureof 3D dataimages). Several optimizationmethods
have beentried:

Descentmethods(Levenbeg-Marquardt,conjugategradients)
oftenstallin localminima.

Homotopyprojectsboundarypointson theundeformedyeomet-
ric primitive, movesthemincrementallyto their right location,and
at eachstepperformsa descentmethod.It worksmuchbetter but
unfortunatelg not always,andit is time consuming.

Tahu, a stochastianethod,resemblesimulatedannealing[18,
19. Tabuwalksin adiscretizedsearchspaceata currentvertex of
thissearchspaceit randomlychooses,, verticesn someneighbor
hood, eliminatesthosewhich wererecentlyvisited (tatu manages
atalu list of thelastt, visited points,to avoid cycling), andjumps
to thebestvertex, evenif it is worsethanthecurrentoneor thebest
vertex metsofar. The neighborhoodadiusdecreasesduringthe
walk. Taku stopswhenit hasfounda solutionwith errorlessthana
prescribedhresholdpr aftera prescribechumberof steps.For our
applicationvaluest,, = 5 and¢, = 10 weresuficientto find the
optimal solution. Taku is time consuming put easyto implement
andthemostrobustmethodsofar. Its solutionis thenpolishedwith
aclassicdescenmethod.

3.7 Reconstruction Examples

After optimization,the quality of the solutionis measureavith the
more accurate but more time consuming,error measuree,,. =
2_pep d(p)/card B) of emaz = Max,e5d(p) Where[36]:

|d(p)|

o®) = a

= dist(p, B)



Themeanerroris typically divided by 10, andthe maximalone
by 3 or 4, relatively to the simplestapproximatiorwhich blendsall
bestellipsoidswith a;; = 1.

Thetable 1 gives someresultsfor two objects: a femur anda
hamatum.The following parametersregiven: numberof primi-
tivesn,, numberof boundarypoints B,,, maximallength! of the
cloud(in millimeters),meanerrore . andmaximalerrorenq. (in
millimeters), and computationtime ¢ (in minutes),on a SGI 02
workstation R5000at 180Mhz.

A low numberof geometricprimitives givesvisually satisfying
results. A betteraccurag may be achiesed, but at the costof a
biggernumberof classesandis irrelevantfor medicalapplication,
wherethe 3D datageneratiorprocesgacquisitionand segmenta-
tion) mayintroduceerrorsabout?7 millimetersfor afemur Another
algumentagainsegreatetaccuray is theplasticityof someorgans
(lever, heart,etc).

Tablel: Performanceesults

Object | B, [np | | [ eme | €mac | t |
Hamatum | 7500 4 20 1.1 3.2 4
Hamatum | 7500 5 20 0.8 2.8 5
Femur 25000 6 400 24 5 20’
Femur 25000 8 400 2 4.7 15’

It might be noticedthat the computationtime for the femuris
shorterfor 8 primitivesthanfor 6: this is dueto the factthatellip-
soidsfor 8 primitives are morespherical thatspeedsip optimiza-
tion.

Figures4 to 7 shav somereconstructiorexamples Surfacesre
tesselatedvith somevariantof the MarchingCubesalgorithm[22]
(seesection4). The computationof the E-skeletonand the sur
facereconstructiorfwithout marchingcubesyeedsypically from
2 minutesfor the hamatumwith 38,767pointswith & = 10, to 6
minutesfor thefemurwith 152,727pointsalsowith & = 10 (times
for Intel Pentiumll at 233 MHz). The E-skeleton,including the
analyticaldescriptionof the surface(u vectors,«;), is aboutone
thousandmore compactthanthe initial 3D dataimage. It is also
aboutone hundredmore compactthan a medium-qualitypolygo-
nizationof theinitial 3D image.

Figure4: Reconstructiorof hamatum:ellipsoids,deformedellip-
soids,blendeddeformedellipsoids.

3.8 Implicit Surface with Even Degree

This paragraphdescribesanothersolution, not yet implemented:
the geometricprimitive for approximatinga classcanbe ary im-
plicit algebraicsurfacewith even degree 2d (to ensurebounded-

Figure5: Deformationof ellipoidsfor the 4-partitionof the hama-
tum.

Figure6: Reconstructiorof the eight carpalbones:eachboneis
separatelyplended.

Figure 7: Reconstructiorof aniliac bone: cloud and ellipsoids,
ellipsoids,meigedundeformectllipsoids.

ness)having equationF'(z, y, z) = 0 where:

F(z,y,2z) = Z

0<itj+k<2d

cijra'y 2F )

Moreover, it is corvenientto imposeco 0,0 = 1 (whichimpliesthe
origin doesnotlie onthesurface sometranslatiorcanbeappliedto
thecloudto ensurethat). For p = (pz, py, p-) agivenpoint, F(p)
is thenacomputabldinearexpressionin C' = [c; ;,x]: Fi(p) = 1+
C.1, wherel isthevector[p;, x p} x p%] (in thesameorderthanthe
ci 5, in theC vector);if p is aboundarypointof theclasswe want
F(p) = 1 + C.l assmallaspossible. Expressinghis constraint
for all boundarypointsp, we have to minimizethe euclideamorm
of thevector[1,...1] + CL. It is aleastsquareproblem,whose
analyticalsolutionis C = [—1,...—1]L*, whereL* isthepseudo
inverseof L: Lt = L*(LL")~". An advantageof this formulation
is thatfastleastsquaremethodscanbe used[27].

Finally, the power basis: (1,2,2%...) x (1,y,4°...) x
(1,2,2%...) wasusedonly for simplicity in formula 2: aswell
known, it hasnot the propertyof affine invariance.The Bernstein



basisdoeshave, andshouldbepreferredn orderto avoid theshape
of theresultingsurfaceto dependn theusedcoordinatesystem.

4 Multi Level Reconstruction and Visual-
ization

At eachlevel, the E-skeletorstoresfor anobjectananalyticalform:
the surfaceis definedby an equationF(z,y,z) = 1. For inter
active applicationsa polygonaldefinition of the objectis needed
(this form is requiredby advancedgraphicworkstations):a mesh-
ing algorithmis thenused. We choosea tetrahedriovariantof the
Marching Cubesalgorithm[22]: this algorithmmay usean extra
parameterthediscretizatiorsteps.

Eachmeshgeneratiomeeddessthanonesecondwe don't have
to evaluatethe potentialin eachvertex of the MarchingCubegrid.
Instead for eachellipsoid, we startfrom its center walk upwards
until wereachthesurfaceboundaryEitherthe correspondingoxel
alreadycontainssomereferenceo a polygon: thenthis connected
componenbf the surfacehasalreadybeentesselatecind we are
done;orthecorrespondingoxel is empty andwe startanew mesh-
ing stagefrom this voxel, markingthe visited voxels. Using conti-
nuity avoids computingpotentialdn all voxels.

We have two parameterdo choosea polygonalmesh: the se-
manticlevel k andthe discretizatiorsteps. This providesa great
flexibility for surfacerendering.To controlthe numberof meshes,
k ands aredecreasingtaircasdunctionsof the distancebetween
the eye andthe object. Insteadof precomputingall meshesat all
levelsandall discretizatiorstepsmeshesrelazily computedi.e.
whenneededpndsavedto disk aftercreation.

Two extra parametersnay also be usedto monitor the surface
reconstructiorprocess:eitherwe usesurfaceblendingor boolean
union, eitherwe deformgeometrigprimitives or not. For union of
undeformedellipsoids, it shouldbe interestingto polygonizedi-
rectly: the marchingcubealgorithmis no moreneeded.

Figure8: Dynamicrenderingfor visualizationandexplorationon
tarsalbones.

5 Shape Recognition

5.1 Previous Works

Marny techniquesave beeninvestigatedthat may be dividedinto
two classes:eitherthey rely on external[8, 1, 35] or internal ex-

pressiorof objects.Formeronesarebasedn thesurfacedefinition
of theobject(B-rep,polygonalouB-splinerepresentationgndlat-
ter onesuseareadescriptormethods(medial axis, shapedecom-
position). Suchdescriptorsare either structural,like medial axis
[16, 25] or scalar{32].

Shapedecompositioris a powerful techniqueasit achievesdata
reductionby imposing a particular organizationon it [24, 26).
Pixel- or voxel-scalednformationis organizedinto larger models,
which provides multiscalecapabilities[23]. Sometheorieseven
suggesthatsuchdecompositiolis presentn humanperceptiorf5].

The modelwe proposein this papercombinesall aspectof in-
ternaldescription-basedlgorithms,asit usesboth structural(i.e.
geometricandscalar(i.e. by extractingrelevantparametersr sig-
natures)descriptionsin a hierarchicalfashionthanksto semanti-
cally zoomableshapedecompositiompproach.

5.2 Matching k-Partitions

This sectionpresentghe automaticcomparisorof two objects,at

a givenlevel £ of detail,i.e. both cloudsare describedby their

bestk-partition. Whenthesizeis notrelevant(i.e. we wantto find

equaltwo homotheticobjects),somehomothey is appliedto give

themvolumel. We assuméoth cloudsareexpressedn their nat-

ural coordinatesystems(expectationsyariancesgtc are updated
accordingly).

5.2.1 Class Signature and Distance

To computea distancebetweentwo classes we attacha char

acteristicvector or signatue [34], to eachclass,then compute
their Manhattandistance(the euclideandistanceis anotherpossi-
bility). Our softwareassociate$o a classC; the signaturevector:
(v A1V A2,/ Ajs, pj) wherelj; areeigervaluesof the covari-

ancematrix of C;, andp; is thedistancebetweerthegravity center
of C; andthe one of the whole cloud C (i.e. the origin). Other
choicesare possible which for exampletakeinto accountangles,
like anglescosinesbetweemmain axis of C; andmain axis of the
wholecloudC.

Noteit makesno sensdo directly comparecoordinatesn € and
coordinatesn C’, dueto theexistenceof severalnaturalcoordinates
systems.

In our applicationsthe simplestdefinitionwasalwayssufficient
to matchobjects.More on chirality andsignaturesn sectionss.5,
5.6.

5.2.2 The Matching Problem

Let € andC’ be two cloudsdescribedby two k-partitions: C =
CiUCy...UCrandC’ =Cf Ul ... UC,. Thedistancebetween
C andC’ is:

dist(C, €'} = min dist(C1, #(C1)) + ... + dist(Ck, 0(Cx))

where o describesthe k! bijections from {Ci,...Cx} to
{C1,...C;}. Thisis aminimalmatchingproblem:giventhesquare
k x k matrixof all distancedetweerc; andC]’ ,find k entries,one
perline, onepercolumn,with minimal sum. It is alsoa max flow
min costproblem:eachclassof C andC’ is representebly averte;
all verticesof € arelinkedto all verticesof C’, eachedgeCz'C]’ has
costdist(C;, C}). A sourcevertex A is connectedo all verticesof C,
with costzero,andall verticesof €’ areconnectedo a sink vertex
7 alsowith costzero.All edgeshave minimal capacity0, maximal
capacityl. Theproblemis to find themaximalflow from A to Z, at
minimal cost. This is awell known problem,andmary algorithms
exist. TheoptimalonesneedO(k* + log k) time[17, 12).



5.3 Recognition of an Object

Recognitionof a given shapeC is finding the closestshapeS in
a given library of shapesS;, ... Sy, andfinding the differences
betweerC andS.

Ourapproacliescribesll shapedy their E-skeletonsTo speed
up the recognitionof the shapeC, € is comparedo eachlibrary
shapeat the first level of detail: only 1-partitionsare compared.
Someprescribedatio, typically 90%, of thelibrary shapesthefar-
thestfrom C, arediscarded.Theremaininglibrary shapesrethen
comparedo C atthe secondevel of detail,usingtheir 2-partitions.
Again, theworse90% library shapesreeliminated andsoon,un-
til it remains10 or lesslibrary shapes:since eachof thesesteps
dividesby tenthe numberof possiblelibrary shapesO(log,, N)
stepsareneededo find the bestlibrary shapesC is thencompared
to all remaininglibrary shapeswith the maximalpossiblelevel of
detail. Theshapewith smallerdistances thesearchedibrary shape
S.

5.4 Isomorphism

Onemaythink thatthe E-skeleton®f similar objectsmustbeiso-
morphic. It suggestanalternatadefinitionfor recognition,andthe
following method which we hadno time enoughto investigate.

Assumethe bijection o from the classe<’;,1 = 1...k of the
k-partitionof C to theclasse<’;,: = 1...k of the k-partition of
C' is known: initially it is truefor K = 1. Let C; bethesplit class
in €, C; haschild C; andC;'. Thenthe split classin ¢’ mustbe
o(Cy); if o(C;) is really the split classin C’, we canextendthe
isomorphisnbetweerthetwo trees:if o(C;) haschild ¢’, ¢”, then
thereis only two possibilitiesto extend s for the k£ + 1-partition:
eithero(C;) = ¢’ anda(C)') = ", oro(C}) = " anda(C)') =
c’. It is a very simple minimum matchingproblem,for a2 x 2
matrix. The deepenwo E-skeletonsare isomorphicthis way, the
greatetis their similarity.

5.5 About Chirality

A funny featureof our recognitionprocedurds thatit finds equal
two enantiomorptobjects(i.e. differingby asymmetrylike theleft
andright hand),which makessensén mary medicalapplications.

It is not due to the existenceof several natural coordinates
systems. It is due to the fact that only various signaturesfor
classesn the cloudsC andC’ arecompared—the classsignature
(VA1,v22,v/As,7) in section5.2.1—and they areinvariantby
symmetry

Signaturedor k-partitions(andnot for classesjike in section
5.2.1)discriminatingeft andright are possibleonly if pointscoor
dinatesof cloudsare alwaysexpressedn coordinatesystemwith
the sameorientation(for instancewith yourheadat (0, 0, 0), your
feetat (0,0, —1), and looking at (1, 0,0), you have alwaysthe
point (0, 1,0) on your left). Assumingthat, the simplestsigna-
ture for a k > 4-partition of a cloud €, discriminatingleft and
right, is asfollows: consider4 classes”, ... C, of C, with grav-
ity centersG1, ... G4, affinely independenti.e. G1,G2,Gs, G4
must be non coplanar and even "far from coplanar”). Thenthe
determinandetG,, G2, Gs, G4), whereG; areexpressedn ho-
mogeneousoordinates,s 3! = 6 times the signedvolume of
the tetrahedrond,, G2, Gs, G4, andit is the searchedsignature:
it will discriminateleft andright, whatever the choiceof the nat-
ural coordinatessystems. After matchingthis k-partition of C
with the k-partition of C’, we computedetf(G1, G2, Gs, G4) and
detfo(Gh1),0(G2),0(Gs),0(G4)), whereo is the bijection in-
ducedby the minimal matching: it they have the samesign, they
have equalorientation,otherwiseopposite. Thusit is possibleto
notconfusdeft andright, if needed.

5.6 Signatures for k-Partitions

Soit is possibleto definesignaturedor k-partitions: for instance,
the set of all distancesbetweenthe k& gravity centersof the k-
partition, the set of signed(or unsignedif we wantto recognize
modulo symmetry)volumesof tetrahedra.Oncetwo k-partitions
have beermatchedit makessenseo computehedistancebetween
two suchsignatures. Again, we did not needsuchsophisticated
tools.

5.7 Recognition Examples

To testtherecognitioncapabilityof the E-skeletonwe madearef-
erencdibrary with eightcarpalbones.We thencompare4 exams
(32 bones)of variouspatientswith library E-skeletonsTable2 is
anexcerptof thedistancematrix for hamatumcapitatumandluna-
tum for thefive patientgvalueshave beenrounded) It is very easy
to seeon the matrix thatboneshave beencorrectlyrecognized.

Anothertestinvolvedupperandlower jaws of anadult: all teeth
have beencomparedandleft andright teethhave beenmatched
correctly(upperandlowerteetharenotsymmetrical) For onetooth
(anincisive),thesymmetricatoothhasbeenidentifiedsuccessfully
but with a greaterdistance:it wasdueto a real pathologyon the
tooth.

The sametestwasalsoperformedon left andright femurof an
adult: dueto the chirality independencef the classsignaturethe
two boneswerematched.

6 Extraction of Relevant Parameters

Fromthe E-skeletonit is possibleto extractotherparametershan
thoseusedfor the signature.For example,an analysiseditorwas
developedo find correlationbetweerorgans(thesecorrelationsare
called allometrieg, and betweenorgansand various criteria like
age,genderor geneticparametersThis editor allowedto measure
the well-known correlationbetweenthe shapeof the carpalbones
andtheageof thepatient.

More precisely the hamatummay have a protuberancesalled
hamulusthat appearsvhen bonesare matured. The E-skeleton
shaws this protuberancéy the comparisorbetweenmain axis of
the E-skeletorat levels 1 and2: for a youngpatient,mainaxis of
thetwo ellipsoidsatlevel 2 areroughlyorthogonato themainaxis
of thelevel one.For anadult,onthecontrary theangleof oneof the
two ellipsoids(which representshe hamulus)s about20 degrees.

This editor also reveals that some correlation exists between
hamulusmaturationandthe genderof the patient. Many othercri-
teriaweretestedandeliminatedthanksto theflexibility of thetool.
Furtherdetailsmaybereadin [10].

In this example,proposalof correlationtestswere madeby an
expert(physician)ut it shouldbe possiblejf enoughdatasamples
wereavailable,to automaticallyfind relevantcorrelationswith data
analysianethodspr evenartificial intelligencetechniques.

7 Conclusion

This model was integratedin a commercialmedical application
called Corpus 2000 developed by the MEB team at CIRAD
(http://wwwcirad.fr/) for viewing and analyzingbiological enti-
ties. This softwareis availableon variousplatforms(presentlySGl
IRIX, HP UX andWindows NT4/95/98).

The E-skeletonmodel presentedvas usedin a tree modeler
which provesthatthis modelmay be usedin otherapplicationdo-
mains. The E-skeletormay be consideredisa genericmodel,that
combinesompacityof thedatastructure@ndmulti-level represen-
tation, interactive manipulatiorandvisualization,andcapacitieof



Table2: Distancematrix for hamatumgcapitatumandlunatum

[ [HL|H2[H3[HA[H5 [CI|C2[C3|C4A[C5[[LL |2 3|45
HL] O | 8 | 3 | 3] 3 ] 67/ 65]|64] 63|65 54][53]52]53]53
H2 | 8 | 0 | 8 | 7 | 7 |[ 69|67 | 66| 66|67 54|53]|52]|54]53
H3| 3 | 8 | 0 | 4| 4 | 67| 65|64 63|65 53|52]|52]52]52
HA& | 3 [ 7 | &4 | 0| 1] 68|66]|65]64|66]53|53|51]53]53
H5| 3 | 7 | 4 | 1| 0] 68|66 65| 65| 66]53|53]|52]53]53
CL|[ 676967 | 68|68 0| 4 5] 6| 3 68]66]68]68]66
C2 | 65| 67| 65|66 66| 4| 0| 6| 7| 3| 66|64]65]65]64
C3 | 64| 66|64 |65|65] 5|6 | 0| 3|5 |68]|66]|68]|67]66
C4 | 63| 66| 63|64 65| 6| 7 | 3| 0| 6| 67]|65]66]66]65
C5 | 65| 67 | 65|66 66] 3| 3 | 5| 6| 0| 67]65]66]66]65
[1] 54 |54]53]53|653]68|66|[68[67[6/] 0]5]2]3]4
[2 ] 53|53 52|53 53| 66|64[66|65[65| 50431
[3] 52|52 52|51 52 68|65|68|66[66| 24023
[4 | 53| 5452|5353 68|65|67|66[66| 33202
(5] 53|53 52|53 |53 66|64|66|65/65] 4 13|20

Figure9: Multi-level representatioof atree.

automaticmatching.Dependingon the applicationdomain,it also
helpsexpertsto find relevantparametersr correlations.
Furtherdevelopmentgouldinvolve:

extensionof geometrigprimitivesfor surfacereconstruction;
improvementof the E-skeletorby insertingaspring-masgair
for eachellipsoid or primitive, allowing extensionstowards
dynamicmodelsor physically-basedhodels;

automatiadetectionof correlationsor allometriesnsidedata;

automaticallometry-basedynthesiof organs;

constructiorof anatlasof anatomicakhapesat severalages,
includingshapesith pathologiego berecognized;

applicationsn CAD, like feature-basetecognitionandmod-
elling;

useof featurerecognitionto helpsegmentatiorof originalim-
ages.
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