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Abstract

Rough3D dataimagesobtainedby computedtomographyor mag-
neticresonanceimageryareinadequate:thispaperproposesahigh-
level datastructurecalled ellipsoidal skeleton. It is basedon a
treeof bestpartitionsof thepointssetandfeaturesdatacompres-
sion,multi-level representationcapabilities,surfacereconstruction,
interactive visualization,relevantparametersextraction,automatic
matchingandrecognition.

Keywords: Medical Applications,DynamicClustering,Surface
Reconstruction,ShapeMatchingandRecognition,Signature,Tabu
Search

1 Introduction

Medical Imaginghasto copewith increasinglyhuge3D dataim-
ages:CT-scanor MRI images.The datasizedoesnot permit in-
teractive visualization,andlack of structurepreventsextractionof
relevant informations.Someparadigmis dramaticallyrequired,to
visualizeinteractively relevant datawith variouslevels of details,
to reconstructthesurfaceof organs,to extractrelevant featuresfor
diagnosisor surgical interventions,andto automaticallymatchob-
jectsextractedfrom different3D dataimages.

The heartof the solutionproposedhereis a methodto find a
treeof bestpartitionsof thesetof 3D pointsfrom segmentedimage
data. For a given numberof classes,the bestpartition is the one
which maximizesthe homogeneityof classesandthe differences
betweenclasses.The partitionsin �������	�	��
 classesareorganized
in a tree: theE-skeleton,theconstructionof which is presentedin
section2.

For agiven level of details,i.e. for agivennumber
 of classes,
the 
 -partitionpermitsto reconstructthesurfaceof the3D object.
Eachclassis geometricallyapproximatedby anellipsoid,andall 

ellipsoidsaremergedwith a Blinn surface.Possibly, a Barr defor-
mationcanbe appliedto eachellipsoidto bestfit thesurface.See
section3.�
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Due to thehierarchicalnatureof theE-skeleton,it is thenpos-
sibleto reconstructandvisualizethesurfacewith several levelsof
detail,asexplainedin section4.

The E-skeletonis invariantthroughisometries,andvery robust
againstdiscretisationnoise,over- and under- sampling,local de-
formations. Thus two points setsof similar objectsgive similar
E-skeletons.This steadynesspropertyis exploited for automatic
matchingbetweenshapes,computingdistancesbetweenshapes,
shaperecognition:seesection5.

Beyondellipsoids,it is possibleto extractfrom E-skeletonother
parametersrelevant for a givenapplication.Examplesaregiven in
section6.

2 Construction of the E-Skeleton

2.1 Expectations and Variances

Let ��� cloud ��������� beacloudof � points,with weights�������
andcoordinates� �!�#"$�%� � ��&'��� � ��(!��� � � . They are
equallydistributedin theinteriorof thestudiedorgan.In ourappli-
cations,all initial pointshave equalweights,but unequalweights
occurduringcomputations;moreover somesegmentationmethods
mayweightpoints.The " expectation(or meanvalue,or centerof
gravity): E �)�*��"+� or E �#"+� for short,is:

E �#"+�-,	.0/� 1 � 2 �*35476-8�"9354761 � 2 ��3 476
and & - and ( -expectationaredefinedsimilarly. Thecovarianceof" and & : C �����:";�:&<� or C �#"=��&<� for short,is:

C �#"=�:&>�?,	.#/� E �#"+&>�A@ E �#"+��8 E ��&<�� C ��&B��"+�
where"+& standsfor 3C"93D�E6F8=&G37��6H���	�I��"93 �J6-8�&K3 �J6L6 . Thevari-
anceof " : V ���*��"+� or V �M"+� for short,is:
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Theeuclideanvarianceof � is:

V �#�_� ,	.0/� V �#"+�_V V ��&<�_V V ��(*�
Actually it is also the expectationof the squaresof the distances
betweenpoints � and their gravity center � "e� E �#"+�L� &f�
E ��&<�L� (�� E ��(*��� :

E N��#"g@ "=�HPhV[��&W@ &<�HPhVi��(Y@ (j�HPIQ� E N��#"T@ "+� P QhV E N���&W@ &<� P QhV E NH��([@ (�� P Q� V �#"+�_V V ��&>�_V V ��(��-� V �#�_�
thus,sincedistancesareinvariantthroughisometries(translations,
rotations,symmetriesandtheir composition),V �#�_� aswell.

2.2 The Covariance Matrix

Thecovariancematrix k of thecloud � is:

k ,	.0/� lm V �#"+� C �#"=��&<� C �#";�:(*�
C ��&B��"+� V ��&�� C ��&B��(*�
C ��(R��"+� C ��(R��&<� V ��(��

no
This matrix is symmetricandpositive, so eigenvaluesarerealand
non-negative. In thegenericcase,thematrix is definite:degenera-
ciesoccurfor instancewhenall pointsin the cloud lie on a plane
or a line. Suchdegeneraciesareeasyto detectbecauseoneor two
eigenvaluesaremuchsmallerthanthegreatestone.Fromnow on,
only thegenericcaseis considered.Thusthe3 eigenvaluesarereal
andpositive : p 2*q p P q pJr>sYt .The 3 correspondingeigenvectors,oncenormalized,definean
orthonormalcoordinatessystem,andarecalledthemainaxisof the
cloud � . Themajormainaxiscorrespondsto p 2 .

Whenexpressedin this coordinatessystem(called the natural
coordinatessystemof thecloud),thecovariancematrixof thecloud
is the diagonalmatrix ��p 2 ��p P ��p r � , i.e. C �#"=��&<�<� C ��&-��(*�<�
C �#";��(*�j�ut . Up to orientations,this naturalcoordinatessystem
is unique.Accountingfor orientations,thereare2 suchcoordinates
systemsin onedimension,and �wv	x 2 in y dimensionswhen yzs�� .

Figure1: Thereare2 naturalcoordinatessystemsin 2D.

The covariancematrix hassameeigenvectorsas the matrix of
inertia, more familiar to mechanicalengineers,and which hasa
strongphysicalmeaning.

2.3 Best Partitions

Let {|� 2 �	�	�}���X~w� be a k-partition (i.e. a partition in 
 non empty
classes)of thecloud � . TheeuclideanvarianceV �#��� of thecloud �
is decomposedinto two parts:thesumof all euclideanvariancesof
clouds� 2 �	�	�	�:� ~ (thelatterarecalled:intraclass),andtheinterclass
varianceV ��{|� 2 ��� P �	�	��� ~ ��� :

V ��{|� 2 ��� P �	�I��� ~ ��� ,}.0/� V �#�_�-@ ~� �D� 2 V �#� � �
Let � � ��� � ���#" � ��& � ��( � � be the vectorsof weightsand co-

ordinatesof the cloud � � . Let � � be the numberof points in� � . � � ��� E ��� � ��" � ��� E ��� � ��& � ��� E ��� � ��( � ��� is the gravity cen-
ter of � � , and � � � 1 �C�� � 2 � � 3 �I6 is the weight of � � , i.e. the
weightssum of points in � � . Pose ���$��� 2 ��� P �I�	����~w� and� ����� 2 ��� P �}�	��� ~ � : they definea cloud �]� cloud � � �}��� ,
whoseeuclideanvarianceis theeuclideaninterclassvarianceof the
partition {|� 2 �	�	�	�:� ~ � .

Thebest
 -partitionis theonewith maximalinterclassvariance,
andthuswith minimalsumof intraclassvariances,sincethesumof
bothis constant.It meansclassesareasdifferentandhomogeneous
aspossible.

Extremecases:if 
%��� , V ��{|� 2 �w����t : the interclassvari-
ancevanishes.If 
i� � (thereis one classper point), V �#�_�z�
V ��{|� 2 �	�	�}��� � �w� andV �#� � �^�[tX�}4��u�-�I�	��� .

Theprogressivedynamicclusteringalgorithmfindsthebestpar-
titions.

2.4 Computing Best Partitions

2.4.1 The Dynamic Clustering Algorithm

To computethe best 
 -partition of a cloud, i.e. the partition that
maximizestheinterclassvariance,theDC algorithm[15] proceeds
asfollow:

Chooseaninitial 
 -partition
Repeat

For eachclass� � , 4A�u�-�	�	��

Compute� � thecenterof gravity of � �
Emptytheclass� �

EndForEach
For eachpoint � �

Add � � to class� � where� � is closestto � �
EndForEach

Until neitherof � � change

This algorithmis guaranteedto find the optimal solution; oscilla-
tionsdueto degeneraciesor inaccuraciesmayhappenin somecase
but areeasilyavoided.TheDC algorithmhastwo maindrawbacks:
the numberof stepscanbe very important,andthe initial choice
of thepartitionhasa greatinfluenceon thisnumber. It is therefore
crucialto startwith agoodinitial partition.

2.4.2 The Progressive DCA

To improve the DC algorithm, we constructa progressive DCA:
initially, it is trivial to find the optimal � -partition. Assumewe
know the optimal 
 -partition �#� 2 ��� P �	�	���X~�� . For eachand every
class � � ��4>�!�b�	�	�:
 , we split � � by the planecontaining � � and
orthogonalto the major main axis of � � ; a DCA is usedto split
optimally � � in two sub-classes�_�� and �_� �� ; we thencomputethe

ratio � � ,}.0/� V ���I�� ��� V ���I� �� �
V � � �D� .

Theinitial 
�V�� -partitionfor theDCA: {|� 2 �	�	�}�	��� �� ��� � �� �	�	�	�:� ~ �
is obtainedby splitting theclass� � with smallest� � ratio.

2.4.3 Optimal Maximal Number of Classes

Thesimplestcriterionto stopthesubdivisionprocessis theratioof
thesumof intraclassvarianceto thecloudvariance:whenthis ratio
becomeslessthana giventhreshold,typically 5%, thesubdivision
is stopped.This ratio is amonotonicdecreasingfunctionof 
 .



Many methodshave beenproposedto find optimalvaluesfor 
 ,
but the� y arerathercomplex to implementandareoftenapplication
specific[33, 21]. For ourapplication,thesimplestcriterionis suffi-
cient.

2.4.4 An Improvement

An easyway to speedup the progressive DCA is to undersample
the cloud � into a cloud ��� , keepingfor instanceonly the central
voxel (or thegravity center)of eachcubeof ��8\�z8\� contiguous
voxelsin the3D imageof � , to computethebest 
 -partition � � of�_� , to replacein ��� the voxels of ��� by the correspondingvoxels
in � , andto usethe latter asan initial 
 -partition for the DCA—
maybethis principle canbe usedrecursively, while the cloud has
enoughpoints,say 
 P , but this last recursive optimizationhasnot
beentried.

This optimization usesthe grid structureof 3D data images,
which is alwayspresentin medicalimaging. We have not inves-
tigatedtheuseof octreedatastructuresto speedup theDCA.

2.4.5 Examples

Figure2: A carpalbone,the hamatum:thecloud,2-, 5-, and10-
partition.

Figure3: A femur. 4-, 5-, 6-, 7-, 8-, 10-partitions.

2.4.6 Mahalanobis Variant

With increasing
 , classesof 
 -partitionsbecomemoreandmore
spherical,sothatatubularpart(for instancethemiddlepartof a fe-
mur) is partitionnedby a string of balls. Onemay preferto keep
sucha part as a single class. A solution is to apply to the ini-
tial cloud � , with eigenvaluesp � , a scalingtransform,with factors��p x 2�� P2 ��p x 2�� PP ��p x 2�� Pr � , in thenaturalcoordinatessystemof � . Let� � be the resultingcloud: all eigenvaluesof its covariancematrix
are equalto 1. Then the 
 -partition of � � is computedwith the
progressive DCA (with or without optimizations). Due to the 1-
1 correspondancebetween� and � � , the 
 -partition of � � is also
a 
 -partitionof � , which canbe calledtheoptimalnormalized
 -
partitionof � . Thisvariantis equivalentto usingMahalanobisdis-
tance.An advantageof thisapproachis thattwo cloudsequalup to
someaffine transformhave equaloptimalnormalized
 -partitions,
by definition.Thisvarianthasbeentested,but unfortunatelyit gives
counterintuitive resultswith increasing
 (see[3] for details),and
wedonot retainit.

2.5 Construction of the Tree

A tree:theE-skeleton,keepstrackof thesubdivisionprocess.Each
nodeor leaf representsa class.At level 
 (1 for the root) this tree
has
 nodes,which representtheoptimal 
 -partition.At eachlevel
 , exceptthe leaveslevel, 
�@�� nodeshave exactly onechildren,
andonenodehastwo child: the latter representsthe classwhich
wassplit to obtaintheoptimal 
<V[� -partition.

Apart its childhood, each node stores its gravity center, its
weight, its numberof points,its covariancematrix, its eigenvalues
andeigenvectors(the main axis). Geometricvalues � andmodal
deformation   , which are usedfor geometricreconstructionand
definedbelow, arealsostored.

3 Reconstruction of the Surface

3.1 Previous Works

Variousapproacheshavebeenproposedfor surfacereconstruction,
from tetrahedralreconstruction[9] to generalizedcylinders [35].
Suchtechniquesremainlocally basedor needstrongtopological
informationaboutcontourpoints,whichcanbeambiguousin some
case.

Methodsthataremoregenericexist, like activecontours[11] or
snakes,offering compactanalyticalexpressionof 3D objectswith-
out the needof any knowledgeof the topology. The conceptof
reconstructionwith multipleprimitives[24] canbeseenasagener-
alizationof thesesnakes,andhasbecomevery popular[13, 38, 6].
Formalismshave beenproposedto provide strongbasesfor primi-
tive combining[2, 31, 39, 28] andfitting [4, 37].

Parametricprimitives [14], while providing greatflexibility, are
often complex to combine. Implicit surfaces[7] simplify this is-
suebut mustbe wisely usedto avoid the evaluationof numerous
expensiveequation.It is why implicit primitivesmustnot only be
positionedcarefullyaccordingto thepointcloud,but alsobeasrep-
resentative aspossible[1]. They shouldoffer a level of realismof
theirown.

Combinedwith this feature,level of detail generationmustbe
present:multi-resolutionrepresentation[29] canbe achieved via
triangledecimation[30], progressivemeshes[20] or discretization
stepcontrol[22].

3.2 Our Approach

An optimal 
 -partitionof thecloudcanbeusedto constructa ge-
ometricapproximationof thesurfaceof theobject.To geta rough



approximation,sufficientwhentheobjectis far fromtheeye,weap-
proximate¡ eachclasswith its bestellipsoid(section3.3),andunion
them.To geta smootherandmoreaccurateapproximation,weuse
theBlinn formalism[7], inspiredfrom molecularchemistry:a sur-
faceis definedasthesetof pointswherea potentialis equalto 1.
Thispotentialis definedasthesumof elementarypotentials:in our
model,eachclass� � of theskeletonis attacheda geometricprimi-
tive,whichemitsanelementarypotential � � �#¢A��£J��¤X� in all space:� � �#¢A��£J�:¤X� ,	.0/��¥ x�¦ � v � �5§w¨ ©|¨ ª � (1)

where y � �#¢A��£J�:¤X� is some distanceto the geometric primitive
boundary, and �«sat someadjustingparameter(the slopeof the
potential curve as a function of the distancey � ). The distancey � �#¢A��£J��¤X� mustbezeroontheboundaryof thegeometricprimitive
of the class,negative insidethe geometricprimitive, andpositive
outside.We now presentpossiblegeometricprimitivesfor a class,
andthecorrespondingdistance.

3.3 The Best Ellipsoid of a Class

Thegeometricprimitive for aclasscanbeanellipsoid: thecenteris
thegravity center���u�#¢_¬w��£�¬­�:¤w¬I� of theclass,itsmainaxisarethe
main axis of theclass(i.e. eigenvectorsof its covariancematrix),
andits radius®L��¯|��° are ±L² p � ��4A�W���	�C��� , wherep � areeigenvalues
of therelatedcovariancematrix,and ± is ascalingconstant.

Thereare2 possiblechoicesfor ± . Eitherwe wantthatthebest
ellipsoid is the cloud itself whenthe latter is a regularly sampled
ellipsoid: then ±[�³² y�V[� , where y is the spacedimension;in
our case, yS�!�S´µ±��¶² ·Y¸ �¹� �|�wº�twº�» . Or we usethe big
numberslaw: if the randomvariable " follows a normallaw, the
interval 37@��C¼ V �#"+�E���C¼ V �#"+�)6 contains90%of thesamples,and
so ±G�%� , in all dimensions.Wechoosethelatter.

In the naturalcoordinatessystemof the class,the ellipsoidhas
equation:½>�#¢A��£J��¤X�-��t where:½>�#¢A��£J�:¤X�-� ¢ P® P V £ P¯ P V ¤ P° P @Y�

Expressing½>�#¢A��£J��¤X� in world coordinatesgives the simplest
possibledistancefor equation1. More precisely, this equationbe-
comes: ½>�5�_���W�5�z@¾����¿>�5�z@Y����À
where � is the gravity center, ¿Á�ÃÂ�ÄzÂ À , ÄÅ�Ã�ÇÆw± P 8
diag��p x 2�� P2 ��p x 2�� PP ��p x 2�� Pr � , and Â is the matrix of eigenvec-
tors of the covariancematrix, so that Â À �ÈÂ�x 2 and k �Â À diag��p 2 ��p P ��p r ��Â . Thediagonalizationof k canbecomputed
with Jacobirotations[27].

3.4 The Best Superquadric of a Class

Superquadricsareanothergeometricprimitive. In thenaturalco-
ordinatessystemof the class,they have equationÉ^�#¢A�}£J��¤X�G�Êt
with:

É^�#¢c�	£J�:¤X�-�ÌËhÍ ¢ ®-Î¾ÏÐHÑ VUÍ £ ¯_Î9ÏÐ:ÑXÒ Ð ÑÐ Ï V]Í ¤ °cÎ+ÏÐ Ï @[�
with Ó 2 sUtX��Ó P s]t . For Ó 2 �]Ó P ��� , superquadricsreduceto
ellipsoids.Moreover, theseparametersallow a continuouscharac-
terizationof theshapeof eachclass,addingusefulinformationfor
patternmatching5.2.

ExpressingÉ^�#¢A��£J��¤X� in worldcoordinatesgivesthecorrespond-
ing distancefunctionin equation1. To find bestparametersÓ 2 ��Ó P ,someoptimizationis required(section3.6).

3.5 Deformed Superquadric of a Class

Deformedsuperquadricsarethelastpossiblegeometricprimitiveof
our model. We usethemodaldeformationÄGÔ , asdefinedby Barr
[4].   is a30dimensionalvector: ��Õ § Õ © Õ ª�Ö�×<Ø ®<¯�°�Ù 2 �	�	��ÙLÚ­�
whosecoordinatesdescribeelementarydeformations(translation,
rotation... bending,twisting).   definesan affine map ÄGÔJ�5��� in
everypoint � of space,i.e. a Ûz8\Û matrix in homogeneouscoordi-
nates,which is a functionof �Y�Ü� r . If É^�5�����Ýt is theequation
of thenondeformedsuperquadric,thenthedeformedsuperquadric
hasequation: É_Ô��5���\��É^�5�i89ÄGÔL�5�_� x 2 �\� t . ExpressingÉ�Ô
in world coordinatesgives the distancefunction for the deformed
superquadricin equation1. Someoptimizationis required(section
3.6)to find thebestvector   .
3.6 Optimisation

In the simplestcasethe 
 best ellipsoids are just merged with� � �u� , or evenjust unioned:no optimizationis needed.It givesa
schematicrepresentationwhich is perfectfor pedagogicalillustra-
tions.

If amoreaccuratereconstructionis needed,wehavefirst to find
thebestgeometricprimitive for eachsub-cloud,secondto find best� � for merging the 
 bestgeometricprimitives. Thesetwo stages
simplify theresolutionprocess.Weusethesameresolutionmethod
for bothproblems,sowediscussonly thefirst one.

Theoptimizationmethodhasto find thebestvaluesfor parame-
ters Ó 2 ��Ó P ��  , in orderfor thedeformedsuperquadricto bestfit the
boundarypointsof theclass.Theoptimizationminimizestheerror
measure:¥<� 1 Ú�Þ­ß yL�5��� P Æ card��à<� where à is thesetof bound-
arypoints,card��à<� its cardinality, and yL�5�_� is thedistancefunction
theparametersof which areoptimized. à maybe undersampled,
to speedup. A pointof thecloudis aboundarypoint iff oneof its 6
neighbors,in theinitial 3D dataimage,doesnotbelongto thesame
cloud(It is thesecondplacewheretheE-skeletonsoftwareusesthe
grid structureof 3D dataimages). Several optimizationmethods
havebeentried:

Descentmethods(Levenberg-Marquardt,conjugategradients)
oftenstall in localminima.

Homotopyprojectsboundarypointson theundeformedgeomet-
ric primitive, movesthemincrementallyto their right location,and
at eachstepperformsa descentmethod.It worksmuchbetter, but
unfortunateley not always,andit is timeconsuming.

Tabu, a stochasticmethod,resemblessimulatedannealing[18,
19]. Tabu walksin adiscretizedsearchspace:atacurrentvertex of
thissearchspace,it randomlychoosesÕ � verticesin someneighbor-
hood,eliminatesthosewhich wererecentlyvisited (tabu manages
a tabu list of thelast Õ�á visitedpoints,to avoid cycling), andjumps
to thebestvertex, evenif it is worsethanthecurrentoneor thebest
vertex met so far. The neighborhoodradiusdecreasesduring the
walk. Tabu stopswhenit hasfoundasolutionwith errorlessthana
prescribedthreshold,or afteraprescribednumberof steps.For our
application,valuesÕ � �U· and Õ á �]�	t weresufficient to find the
optimal solution. Tabu is time consuming,but easyto implement
andthemostrobustmethodsofar. Its solutionis thenpolishedwith
aclassicdescentmethod.

3.7 Reconstruction Examples

After optimization,thequality of thesolutionis measuredwith the
more accurate,but more time consuming,error measure¥�â�ã9�1 Ú�ÞCßGä �5�_��Æ card��à>� or ¥ âhå § � maxÚwÞ­ß ä �5��� where[36]:

ä �5�_�b� æ yL�5��� ææ7æ ç yz�5�_� æDæ ¸ dist�5�A�}à<�



Themeanerror is typically dividedby 10,andthemaximalone
by 3 or 4, relatively to thesimplestapproximationwhichblendsall
bestellipsoidswith � � �Ý� .

The table1 gives someresultsfor two objects: a femur anda
hamatum.The following parametersaregiven: numberof primi-
tives � Ú , numberof boundarypoints à Ú , maximallength è of the
cloud(in millimeters),meanerror ¥�â�ã andmaximalerror ¥�â�å § (in
millimeters),and computationtime Õ (in minutes),on a SGI é P
workstation,R5000at180Mhz.

A low numberof geometricprimitivesgivesvisually satisfying
results. A betteraccuracy may be achieved, but at the cost of a
biggernumberof classes,andis irrelevant for medicalapplication,
wherethe 3D datagenerationprocess(acquisitionandsegmenta-
tion) mayintroduceerrorsabout7 millimetersfor afemur. Another
argumentagainstagreateraccuracy is theplasticityof someorgans
(lever, heart,etc).

Table1: Performanceresults

Object ê-ë ìXë í îÇïcð îÇïcñ�ò ó
Hamatum 7500 4 20 1.1 3.2 4’
Hamatum 7500 5 20 0.8 2.8 5’

Femur 25000 6 400 2.4 5 20’
Femur 25000 8 400 2 4.7 15’

It might be noticedthat the computationtime for the femur is
shorterfor 8 primitives thanfor 6: this is dueto thefact thatellip-
soidsfor 8 primitivesaremorespherical,thatspeedsup optimiza-
tion.

Figures4 to 7 show somereconstructionexamples.Surfacesare
tesselatedwith somevariantof theMarchingCubesalgorithm[22]
(seesection4). The computationof the E-skeletonand the sur-
facereconstruction(without marchingcubes)needstypically from
2 minutesfor the hamatumwith 38,767pointswith 
¾���	t , to 6
minutesfor thefemurwith 152,727pointsalsowith 
ô�Ý�}t (times
for Intel PentiumII at 233 MHz). The E-skeleton,including the
analyticaldescriptionof the surface(   vectors, � � ), is aboutone
thousandmorecompactthanthe initial 3D dataimage. It is also
aboutonehundredmorecompactthana medium-qualitypolygo-
nizationof theinitial 3D image.

Figure4: Reconstructionof hamatum:ellipsoids,deformedellip-
soids,blendeddeformedellipsoids.

3.8 Implicit Surface with Even Degree

This paragraphdescribesanothersolution, not yet implemented:
the geometricprimitive for approximatinga classcanbe any im-
plicit algebraicsurfacewith even degree �Iy (to ensurebounded-

Figure5: Deformationof ellipoidsfor the4-partitionof thehama-
tum.

Figure6: Reconstructionof the eight carpalbones:eachboneis
separatelyblended.

Figure 7: Reconstructionof an iliac bone: cloud and ellipsoids,
ellipsoids,mergedundeformedellipsoids.

ness),having equationõ>�#¢c��£J��¤X�b�[t where:õ>�#¢A�:£J�E¤X�-� �ö	÷ � � � � ~ ÷ P v °
� ¨ � ¨ ~ ¢ � £ � ¤ ~ (2)

Moreover, it is convenientto impose° ö ¨ ö ¨ ö �Ý� (which impliesthe
origin doesnotlie onthesurface:sometranslationcanbeappliedto
thecloudto ensurethat). For �ø�Ý�5� § �M� © �M� ª � agivenpoint, õ>�5�_�
is thenacomputablelinearexpressionin ùW�W3 ° � ¨ � ¨ ~ 6 : õ>�5�_�b�u�_Vù*� è , whereè is thevector 3 � �§ 8�� � © 8�� ~ª 6 (in thesameorderthanthe° � ¨ � ¨ ~ in the ù vector);if � is aboundarypointof theclass,wewantõ>�5�_�<����V�ù*� è assmall aspossible.Expressingthis constraint
for all boundarypoints� , wehave to minimizetheeuclideannorm
of thevector 3D�w�	�	�}�	�E6�VWù�ú . It is a leastsquareproblem,whose
analyticalsolutionis ù��u3D@��w�	�	�}�0@ô�E6)ú � , whereú � is thepseudo
inverseof ú : ú � ��ú À ��úbú À � x 2 . An advantageof this formulation
is thatfastleastsquaremethodscanbeused[27].

Finally, the power basis: ������¢A��¢ P �}�	�5�[8Ê���w��£J�}£ P �	�	� �Z8���w�:¤L��¤ P �	�	� � was usedonly for simplicity in formula 2: as well
known, it hasnot thepropertyof affine invariance.The Bernstein



basisdoeshave,andshouldbepreferredin orderto avoid theshape
of theû resultingsurfaceto dependon theusedcoordinatessystem.

4 Multi Level Reconstruction and Visual-
ization

At eachlevel, theE-skeletonstoresfor anobjectananalyticalform:
the surfaceis definedby an equationõ>�#¢A��£J��¤X�z�ü� . For inter-
active applications,a polygonaldefinition of the object is needed
(this form is requiredby advancedgraphicworkstations):a mesh-
ing algorithmis thenused.We choosea tetrahedricvariantof the
MarchingCubesalgorithm[22]: this algorithmmay usean extra
parameter, thediscretizationstep ý .

Eachmeshgenerationneedslessthanonesecond:wedon’t have
to evaluatethepotentialin eachvertex of theMarchingCubegrid.
Instead,for eachellipsoid,we startfrom its center, walk upwards
until wereachthesurfaceboundary. Eitherthecorrespondingvoxel
alreadycontainssomereferenceto a polygon: thenthis connected
componentof the surfacehasalreadybeentesselatedandwe are
done;or thecorrespondingvoxel is empty, andwestartanew mesh-
ing stagefrom this voxel, markingthevisitedvoxels. Usingconti-
nuity avoidscomputingpotentialsin all voxels.

We have two parametersto choosea polygonalmesh: the se-
manticlevel 
 andthediscretizationstep ý . This providesa great
flexibility for surfacerendering.To controlthenumberof meshes,
 and ý aredecreasingstaircasefunctionsof thedistancebetween
the eye andthe object. Insteadof precomputingall meshesat all
levelsandall discretizationsteps,meshesarelazily computed(i.e.
whenneeded)andsavedto diskaftercreation.

Two extra parametersmay alsobe usedto monitor the surface
reconstructionprocess:eitherwe usesurfaceblendingor boolean
union,eitherwe deformgeometricprimitivesor not. For unionof
undeformedellipsoids,it shouldbe interestingto polygonizedi-
rectly: themarchingcubealgorithmis no moreneeded.

Figure8: Dynamicrenderingfor visualizationandexplorationon
tarsalbones.

5 Shape Recognition

5.1 Previous Works

Many techniqueshave beeninvestigated,that maybe divided into
two classes:either they rely on external[8, 1, 35] or internalex-

pressionof objects.Formeronesarebasedonthesurfacedefinition
of theobject(B-rep,polygonalouB-splinerepresentation),andlat-
ter onesuseareadescriptormethods(medialaxis, shapedecom-
position). Suchdescriptorsareeither structural,like medialaxis
[16, 25] or scalar[32].

Shapedecompositionis apowerful techniqueasit achievesdata
reductionby imposing a particular organizationon it [24, 26].
Pixel- or voxel-scaledinformationis organizedinto largermodels,
which provides multiscalecapabilities[23]. Sometheorieseven
suggestthatsuchdecompositionis presentin humanperception[5].

Themodelwe proposein this papercombinesall aspectsof in-
ternaldescription-basedalgorithms,as it usesboth structural(i.e.
geometric)andscalar(i.e. by extractingrelevantparametersor sig-
natures)descriptionsin a hierarchicalfashionthanksto semanti-
cally zoomableshapedecompositionapproach.

5.2 Matching þ -Partitions

This sectionpresentstheautomaticcomparisonof two objects,at
a given level 
 of detail, i.e. both cloudsare describedby their
best
 -partition. Whenthesizeis not relevant(i.e. we wantto find
equaltwo homotheticobjects),somehomothecy is appliedto give
themvolume1. We assumebothcloudsareexpressedin their nat-
ural coordinatessystems(expectations,variances,etc areupdated
accordingly).

5.2.1 Class Signature and Distance

To computea distancebetweentwo classes, we attacha char-
acteristicvector, or signature [34], to eachclass, then compute
their Manhattandistance(the euclideandistanceis anotherpossi-
bility). Our softwareassociatesto a class� � thesignaturevector:� ¼ p � 2 � ¼ p � P � ¼ p � r ��ÿ � � wherep � � areeigenvaluesof thecovari-
ancematrixof � � , and ÿ � is thedistancebetweenthegravity center
of � � and the one of the whole cloud � (i.e. the origin). Other
choicesarepossible,which for exampletakeinto accountangles,
like anglescosinesbetweenmain axis of � � andmain axis of the
wholecloud � .

Noteit makesnosenseto directlycomparecoordinatesin � and
coordinatesin � � , dueto theexistenceof severalnaturalcoordinates
systems.

In ourapplications,thesimplestdefinitionwasalwayssufficient
to matchobjects.More on chirality andsignaturesin sections5.5,
5.6.

5.2.2 The Matching Problem

Let � and � � be two cloudsdescribedby two 
 -partitions: �U�� 2�� � P �	�	� � � ~ and � � �[� �2 � � �P �	�	� � � �~ . Thedistancebetween� and � � is:

dist�#�A��� � �^� min dist�#� 2 ���A�#� 2 ���cVi�}�	�IV dist�#�X~¹���F�#�X~C���
where � describes the 
�� bijections from {|� 2 �}�	�I��� ~ � to{|� �2 �	�}�	��� �~ � . Thisis aminimalmatchingproblem:giventhesquare
\8ô
 matrixof all distancesbetween� � and � �� , find 
 entries,one
per line, onepercolumn,with minimal sum. It is alsoa maxflow
min costproblem:eachclassof � and � � is representedby avertex;
all verticesof � arelinked to all verticesof � � , eachedge� � � �� has
costdist�#� � ��� �� � . A sourcevertex � is connectedto all verticesof � ,
with costzero,andall verticesof ��� areconnectedto asink vertex( alsowith costzero.All edgeshaveminimalcapacity0, maximal
capacity1. Theproblemis to find themaximalflow from � to ( , at
minimalcost.This is a well known problem,andmany algorithms
exist. Theoptimalonesneedé>�#
 P V	��

�h
L� time [17, 12].



5.3 Recognition of an Object

Recognitionof a given shape� is finding the closestshape� in
a given library of shapes� 2 �	�	�	����� , and finding the differences
between� and � .

Ourapproachdescribesall shapesby theirE-skeletons.Tospeed
up the recognitionof the shape� , � is comparedto eachlibrary
shapeat the first level of detail: only 1-partitionsare compared.
Someprescribedratio, typically ��t�� , of thelibrary shapes,thefar-
thestfrom � , arediscarded.Theremaininglibrary shapesarethen
comparedto � at thesecondlevel of detail,usingtheir2-partitions.
Again, theworse��t�� library shapesareeliminated,andsoon,un-
til it remains10 or lesslibrary shapes:sinceeachof thesesteps
dividesby ten thenumberof possiblelibrary shapes,é>����
�� 2 ö�� �
stepsareneededto find thebestlibrary shapes.� is thencompared
to all remaininglibrary shapes,with themaximalpossiblelevel of
detail.Theshapewith smallerdistanceis thesearchedlibraryshape
� .

5.4 Isomorphism

Onemaythink that theE-skeletonsof similar objectsmustbe iso-
morphic.It suggestsanalternatedefinitionfor recognition,andthe
following method,whichwehadno timeenoughto investigate.

Assumethe bijection � from the classesù � ��4*���^�	�}��
 of the
 -partitionof � to theclassesù �� ��4��g�b�	�	�:
 of the 
 -partitionof�_� is known: initially it is true for 
��«� . Let ù � bethesplit class
in � , ù � haschild ù��� and ù�� �� . Thenthe split classin �_� mustbe
�A��ù � � ; if �A��ù � � is really the split classin � � , we canextendthe
isomorphismbetweenthetwo trees:if �A��ù � � haschild °I�M��°I� � , then
thereis only two possibilitiesto extend � for the 
ôVÝ� -partition:
either �A��ù �� �b�`° � and �A��ù � �� �^��° � � , or �A��ù �� �b��° � � and �F��ù � �� �b�° � . It is a very simpleminimum matchingproblem,for a �;8��
matrix. The deepertwo E-skeletonsare isomorphicthis way, the
greateris their similarity.

5.5 About Chirality

A funny featureof our recognitionprocedureis that it findsequal
two enantiomorphobjects(i.e. differingby asymmetry, like theleft
andright hand),whichmakessensein many medicalapplications.

It is not due to the existenceof several natural coordinates
systems. It is due to the fact that only various signaturesfor
classesin the clouds � and � � arecompared—the classsignature��² p 2 ��² p P ��² pXr¹���|� in section5.2.1—and they are invariantby
symmetry.

Signaturesfor 
 -partitions(andnot for classes,like in section
5.2.1)discriminatingleft andright arepossibleonly if pointscoor-
dinatesof cloudsarealwaysexpressedin coordinatessystemwith
thesameorientation(for instance:with yourheadat �#tJ��tJ��t­� , your
feet at �#tX��tJ�}@��I� , and looking at �����EtX��tC� , you have alwaysthe
point �#tJ�I�w��t­� on your left). Assumingthat, the simplestsigna-
ture for a 
 q Û -partition of a cloud � , discriminatingleft and
right, is asfollows: consider4 classesù 2 �I�	�}��ù�� of � , with grav-
ity centers� 2 �}�	�	��� � , affinely independent(i.e. � 2 ��� P ���*rC��� �must be non coplanar, and even ”far from coplanar”). Then the
determinantdet��� 2 ��� P ���*rw��� � � , where � � areexpressedin ho-
mogeneouscoordinates,is ���z� º times the signedvolume of
the tetrahedron� 2 ��� P ��� r ����� , and it is the searchedsignature:
it will discriminateleft andright, whatever the choiceof the nat-
ural coordinatessystems. After matching this 
 -partition of �
with the 
 -partition of ��� , we computedet��� 2 ��� P ��� r �����I� and
det���F��� 2 �E���A��� P �E���F���*rÇ�E���A��� � ��� , where � is the bijection in-
ducedby the minimal matching: it they have the samesign, they
have equalorientation,otherwiseopposite. Thusit is possibleto
notconfuseleft andright, if needed.

5.6 Signatures for þ -Partitions

So it is possibleto definesignaturesfor 
 -partitions: for instance,
the set of all distancesbetweenthe 
 gravity centersof the 
 -
partition, the set of signed(or unsignedif we want to recognize
modulosymmetry)volumesof tetrahedra.Oncetwo 
 -partitions
havebeenmatched,it makessenseto computethedistancebetween
two suchsignatures.Again, we did not needsuchsophisticated
tools.

5.7 Recognition Examples

To testtherecognitioncapabilityof theE-skeleton,wemadea ref-
erencelibrary with eightcarpalbones.We thencompare4 exams
(32 bones)of variouspatientswith library E-skeletons.Table2 is
anexcerptof thedistancematrix for hamatum,capitatumandluna-
tumfor thefivepatients(valueshavebeenrounded).It is veryeasy
to seeon thematrix thatboneshavebeencorrectlyrecognized.

Anothertestinvolvedupperandlower jawsof anadult: all teeth
have beencompared,and left andright teethhave beenmatched
correctly(upperandlowerteetharenotsymmetrical).For onetooth
(anincisive),thesymmetricaltoothhasbeenidentifiedsuccessfully,
but with a greaterdistance:it wasdueto a real pathologyon the
tooth.

Thesametestwasalsoperformedon left andright femurof an
adult: dueto thechirality independenceof theclasssignature,the
two boneswerematched.

6 Extraction of Relevant Parameters

FromtheE-skeleton,it is possibleto extractotherparametersthan
thoseusedfor the signature.For example,an analysiseditorwas
developedto find correlationbetweenorgans(thesecorrelationsare
called allometries), and betweenorgansand variouscriteria like
age,genderor geneticparameters.This editorallowedto measure
thewell-known correlationbetweentheshapeof thecarpalbones
andtheageof thepatient.

More precisely, the hamatummay have a protuberancecalled
hamulusthat appearswhen bonesare matured. The E-skeleton
shows this protuberanceby the comparisonbetweenmain axis of
theE-skeletonat levels1 and2: for a youngpatient,mainaxis of
thetwo ellipsoidsat level 2 areroughlyorthogonalto themainaxis
of thelevel one.For anadult,onthecontrary, theangleof oneof the
two ellipsoids(whichrepresentsthehamulus)is about20 degrees.

This editor also reveals that somecorrelationexists between
hamulusmaturationandthegenderof thepatient.Many othercri-
teriaweretestedandeliminatedthanksto theflexibility of thetool.
Furtherdetailsmaybereadin [10].

In this example,proposalsof correlationtestsweremadeby an
expert(physician)but it shouldbepossible,if enoughdatasamples
wereavailable,to automaticallyfind relevantcorrelationswith data
analysismethods,or evenartificial intelligencetechniques.

7 Conclusion

This model was integratedin a commercialmedicalapplication
called Corpus 2000 developed by the MEB team at CIRAD
(http://www.cirad.fr/) for viewing and analyzingbiological enti-
ties.Thissoftwareis availableon variousplatforms(presentlySGI
IRIX, HPUX andWindowsNT4/95/98).

The E-skeletonmodel presentedwas usedin a tree modeler,
which provesthat this modelmaybeusedin otherapplicationdo-
mains.TheE-skeletonmaybeconsideredasa genericmodel,that
combinescompacityof thedatastructuresandmulti-level represen-
tation,interactivemanipulationandvisualization,andcapacitiesof



Table2: Distancematrix for hamatum,capitatumandlunatum

H1 H2 H3 H4 H5 C1 C2 C3 C4 C5 L1 L2 L3 L4 L5
H1 0 8 3 3 3 67 65 64 63 65 54 53 52 53 53
H2 8 0 8 7 7 69 67 66 66 67 54 53 52 54 53
H3 3 8 0 4 4 67 65 64 63 65 53 52 52 52 52
H4 3 7 4 0 1 68 66 65 64 66 53 53 51 53 53
H5 3 7 4 1 0 68 66 65 65 66 53 53 52 53 53
C1 67 69 67 68 68 0 4 5 6 3 68 66 68 68 66
C2 65 67 65 66 66 4 0 6 7 3 66 64 65 65 64
C3 64 66 64 65 65 5 6 0 3 5 68 66 68 67 66
C4 63 66 63 64 65 6 7 3 0 6 67 65 66 66 65
C5 65 67 65 66 66 3 3 5 6 0 67 65 66 66 65
L1 54 54 53 53 53 68 66 68 67 67 0 5 2 3 4
L2 53 53 52 53 53 66 64 66 65 65 5 0 4 3 1
L3 52 52 52 51 52 68 65 68 66 66 2 4 0 2 3
L4 53 54 52 53 53 68 65 67 66 66 3 3 2 0 2
L5 53 53 52 53 53 66 64 66 65 65 4 1 3 2 0

Figure9: Multi-level representationof a tree.

automaticmatching.Dependingon theapplicationdomain,it also
helpsexpertsto find relevantparametersor correlations.

Furtherdevelopmentscouldinvolve:

� extensionof geometricprimitivesfor surfacereconstruction;

� improvementof theE-skeletonby insertingaspring-masspair
for eachellipsoid or primitive, allowing extensionstowards
dynamicmodelsor physically-basedmodels;

� automaticdetectionof correlationsor allometriesinsidedata;

� automaticallometry-basedsynthesisof organs;

� constructionof anatlasof anatomicalshapesat severalages,
includingshapeswith pathologiesto berecognized;

� applicationsin CAD, like feature-basedrecognitionandmod-
elling;

� useof featurerecognitionto helpsegmentationof originalim-
ages.
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